For given positive integers u and v with u ≡ v ≡ 0 (mod 6), let IRC(u; v) denote an incomplete resolvable minimum covering of pairs by triples of order u having a hole of size v. It is proved in this paper that there exists such an IRC(u; v) if and only if u ¿ 3v.
Introduction
A covering of pairs by triples of order v, denoted CT(v), is a pair (X; A) where X is a v-set and A is a collection of 3-subsets (called triples) of X such that each 2-subset of X is contained in at least one triple of A. The excess of (X; A) is a graph (X; E) where {x; y} ∈ E with multiplicity m if {x; y} is contained in precisely m + 1 triples of A. A CT(v) (X; A) is called minimum and denoted MCT(v) if |A| 6 |B| for any CT(v) (X; B). For v ≡ 1; 3 (mod 6), an MCT(v) is in fact a Steiner triple system and denoted STS(v).
Let (X; A) be an MCT(v), a subset P of A is called a parallel class if P forms a partition of X . (X; A) is called resolvable and denoted RMCT(v) if A can be partitioned into parallel classes. Clearly, a necessary condition for the existence of an RMCT(v) Research Supported by the National Natural Science Foundation of China.
is v ≡ 0 (mod 3). An RMCT(v) is called a Kirkman triple system and denoted KTS(v) if v ≡ 3 (mod 6). An RMCT(v) is denoted RC(v) if v ≡ 0 (mod 6). It has been proved that the excess of an RC(v) is a one-factor of the v-set (see [7] or [1] ). It can be easily checked that the number of parallel classes contained in an RC(v) is v=2.
The existence of resolvable minimum coverings of pairs by triples has been completely determined: Theorem 1.1 (Ray-Chaudhuri and Wilson [12] ). There exists a KTS(v) if and only if v ≡ 3 (mod 6). Theorem 1.2 (Assaf et al. [1] ; Lamken and Mills [10] ). There exists an RC(v) if and only if v ≡ 0 (mod 6) and v ¿ 18. Now let (X; A) be an RC(v) and (Y; B) be an RC(u). If X ⊂ Y , each parallel class of (X; A) is a part of some parallel class of B, and the excess of (X; A) is a subset of the excess of (Y; B), then (X; A) is said to be embedded in (Y; B), or (X; A) is a subsystem of (Y; B). Removing all the triples of A from B gives an incomplete resolvable minimum covering of pairs by triples. Formally, we give the following deÿnition:
For given positive integers u and v with u ≡ v ≡ 0 (mod 6), an incomplete resolvable minimum covering of pairs by triples, denoted IRC(u; v), is a quadruple (Y; X; B; E) where Y is a u-set, X (called hole) is a v-subset of Y , E (called excess) is a one-factor of Y \ X , and B is a set of 3-subsets (called triples) of Y such that:
(i) |B ∩ X | 6 1 for each B ∈ B, (ii) For each 2-subset {x; y} of Y with |{x; y}∩X | 6 1, {x; y} is contained in a unique triple if {x; y} ∈ E, and {x; y} is contained in exactly two triples if {x; y} ∈ E. (iii) The set B can be partitioned into (u − v)=2 parallel classes each of which is a partition of Y and v=2 holey parallel classes each of which is a partition of Y \ X .
It is obvious that if there exist an IRC(u; v) and an RC(v), then there exists an RC(u) containing an RC(v) as a subsystem.
The embedding problem for various kinds of resolvable designs has been studied extensively (see, e.g. [2, 3] ) and completely solved for resolvable triple systems [14, 16] and nearly Kirkman triple systems [4] [5] [6] .
The main purpose of this paper is to determine the necessary and su cient conditions for the existence of IRC(u; v)s.
Constructions of IRCs using di erence methods
In this section, we will use di erence methods to give some useful constructions for incomplete resolvable minimum coverings of pairs by triples. From any di erence d = v=2, we can form a base block {0; d} and the orbit ({0; d}) contains v distinct pairs. If v ≡ 0 (mod 2) and d = v=2, then ({0; v=2}) is a short orbit containing v=2 distinct pairs. Now we give our ÿrst construction of IRC(u; v) using di erence methods. For t ∈ Z u−v , k = 0; 1; : : : ; (u − v)=2 − 1, let P k = P 0 + 2k = {{a + 2k; b + 2k; c + 2k} | {a; b; c} ∈ P 0 }:
Thus the number of parallel classes is (u − v)=2. Let B be the union of all the v=2 holey parallel classes and all the (u − v)=2 parallel classes obtained above and let E={{0; m}; {1; m+1}; : : : ; {m−1; 2m}}, then (Y; X; B; E) is an IRC(u; v). This completes the proof.
As an application of Theorem 2.1, we have the following lemma:
Lemma 2.2. There exists an IRC(u; v) for (u; v) = (48; 6); (66; 12) or (90; 12).
Proof. In each case, we divide D(u − v) \ {(u − v)=2} into two parts D 1 and D 2 satisfying the conditions of Theorem 2.1.
(1) (u; v) = (48; 6): 
∪X where s=v+3. Since v ≡ 0 (mod 6), then 2v + 6 ≡ 6 (mod 12) and so v + 3 ≡ 3 (mod 6). Thus for i ∈ Z 2 there exists a KTS(v + 3) on Z v+3 × {i}, denoted (Z s × {i}; A i ). Further, we may suppose A i contains the parallel class P i ={{j i ; (j +s=3) i ; (j +2s=3) i } | j =0; 1; : : : ; s=3−1}, i ∈ Z 2 . Delete P 0 and P 1 , the remaining parallel classes of A 0 and A 1 form v=2 partitions of Z v+3 × Z 2 , i.e. v=2 holey parallel classes with hole X . These holey parallel classes used all the pure di erences of D 0 and D 1 , except ((v + 3)=3) 0 and ((v + 3)=3) 1 . Now let v = 6t and
then we have the following 2 pure di erences and v + 4 mixed di erences left: (2t + 1) 0 ; (2t + 1) 1 ; 0 01 ; 0 01 ; 1 01 ; 2 01 ; : : : ; (6t + 2) 01 .
From these di erences, we form 2 triples and v pairs as follows:
It can be checked that these triples and pairs form a partition of Z 6t+3 × Z 2 . Put an inÿnity point of X to each of the above v pairs, this gives a base parallel class on Y , denoted P. For s ∈ Z 6t+3 , let P s = {{(a + s) i ; (b + s) j ; (c + s) k } | {a i ; b j ; c k } ∈ P}. This gives all the 6t + 3 parallel classes and so we get an IRC(3v + 6; v). Now we give direct constructions of several IRC(u; v)s which will be used in proving the main theorem in this paper.
Lemma 2.4. There exists an IRC(3v; v) for v = 6 or 12.
Holey parallel classes: 
Excess: {0 0 ; 6 0 }; {0 1 ; 6 1 } mod (12, -) Parallel classes: Develop the following triples mod (12, -) , where points with subscript 2 are developed mod(2, -) and the order of points x 0 and x 1 should be changed while we add 6; 7; 8; 9; 10; 11 to the following triples: {0 0 ; 6 0 ; x 0 }, {0 Proof. (i) For v = 6, we present an IRC(30; 6) as follows:
Point set: 
Frame constructions for IRCs
In this section, we will use Kirkman frames to provide some powerful recursive constructions for IRC(u; v)s. First we introduce some deÿnitions.
An IGDD is a quadruple (Y; X; G; B) with the following properties:
(1) Y is a set of points, and X ⊂ Y (X is called the hole); (2) G is a partition of Y into groups; (3) B is a set of subsets (called blocks) of Y , each of which intersects each group in at most one point; (4) no block contains two points of X ; (5) every pair of points {x; y} from distinct groups, such that at least one of x; y is in Y \ X , occurs in a unique block of B.
Let (Y; X; G; B) be an IGDD, we say that it is a K − IGDD if |B| ∈ K for every block B ∈ B. The type of the IGDD is deÿned to be the multiset of ordered pairs {(|G|; |G ∩ Y |): G ∈ G}. If X = ∅; |Y | = v, and |G| ∈ M for every G ∈ G, then the IGDD is called a group divisible design, and denoted GD(K; M ; v), where M is a set of positive integers.
If K = {k} and M = {m}, then a GD({k}; {m}; v) is called uniform and is denoted GD(k; m; v). A GD(k; m; v) with v = km is called a transversal design and denoted TD(k; m).
Let (X; G; B) be a GD(K; M ; v); it is sometimes called a K − GDD of group type T where T = {|G|: G ∈ G} is a multiset. We also write T = The existence of resolvable uniform group divisible designs with block size 3 has been completely solved: Theorem 3.1 (Rees [13] ). An RGD(3; g; sg) exists if and only if s ¿ 3, g(s − 1) ≡ 0 (mod 2), sg ≡ 0 (mod 3) and (g; s) ∈ {(2; 3); (2; 6); (6; 3)}.
An incomplete Kirkman frame is a {3} − IGDD (Y; X; H; B) in which the set of blocks B can be partitioned into holey parallel classes, each of which is a partition of Y \ H for some H ∈ H, or a partition of Y \ (H ∪ X ) for some H ∈ H. If X = ∅, then an incomplete Kirkman frame is called a Kirkman frame.
The spectrum of uniform Kirkman frames has been completely determined: [17] ). There exists a Kirkman frame of type t u if and only if t ≡ 0 (mod 2), u ¿ 4 and t(u − 1) ≡ 0 (mod 3).
The following theorem gives a powerful construction for incomplete Kirkman frames from incomplete group divisible designs, see, e.g. [9] . By setting X = ∅ in Theorem 3.3 we get Stinson's fundamental frame construction (SFFC). [17] , SFFC). Let (X; G; B) be a group divisible design. Let w: X → Z + ∪ {0} be a weight function on X . Suppose that for each block B ∈ B, there exists a Kirkman frame of type {w(x): x ∈ B}. Then there is a Kirkman frame of type { x∈G w(x): G ∈ G}.
Construction 3.4 (Stinson
We will make use of the following well-known equivalence between uniform Kirkman frames and a certain class of {4} − IGDDs:
Lemma 3.5. There exists a Kirkman frame of type (2g) u if and only if there exists a {4} − IGDD of type (3g; g) u .
We will require the following construction for IGDDs, which we refer to as the fundamental incomplete GDD construction (FIGDDC), see, e.g. [9] . For the most part of the paper we will use Construction 3.6 with X = ∅ and (w(y); d(y)) = (9; 3) or (18; 6) . Note that by Theorem 3.2 and Lemma 3.5 there exist {4} − IGDDs of types (9; 3) u and (18; 6) u for all u ¿ 4. The following "ÿlling in holes" construction is analogous to [18, Theorem 1] . It provides a powerful tool for the existence of incomplete resolvable minimum coverings of pairs by triples: Construction 3.7. Suppose there is a Kirkman frame of type T on v points. If, for some a, there exists an IRC(t + a; a) for all t ∈ T , then there is an IRC(v + a; a) and an IRC(v + a; t + a) for every t ∈ T .
For {4} − GDDs, we require the following results: Lemma 3.8 (Deng et al. [4] ). (1) There exist {4} − GDDs of type 6 5 9 1 and 9 5 6 1 .
(2) Let s ≡ 1 (mod 4), s ¿ 21, then there exists a GDD on s points with group sizes from the set M = {2; 3; 4; 5} and block size from the set K = {k | k ¿ 4}.
(3) There exists a {4} − GDD of type 6 u 3 1 for every u ¿ 4, except possibly for u ∈ {10; 11; 12; 13; 14; 15; 17; 18; 19; 23}.
(4) For each u ∈ {10; 12; 14; 15; 17; 18; 19; 23}, there exists a GDD on 2u points with group sizes in the set M = {4; 5; 6; 8} and block size in the set K = {k | k ¿ 4}.
(5) For each odd s ¿ 21, s ∈ {23; 27; 31}, there exists a GDD on s points with group sizes from the set M = {4; 5; 6; 7} and block size at least four.
Theorem 3.9. For any v ≡ 0 (mod 6) with v ¿ 18, there exists an IRC(v; 6).
Proof. We have already constructed an IRC(v; 6) for each v ∈ {18; 24; 30; 36; 42; 48}, see Lemmas 2.2, 2.4-2.7 and Theorem 2.3. The existence of an IRC(60; 6) is derived from the existence of an IRC(18; 6) and an IRC(60; 18) (see Theorem 2.3), so we suppose v ¿ 66. We divide the proof into three cases.
Case 1: v ≡ 6 (mod 12) and v ¿ 54. Take a Kirkman frame of type 12 (v−6)=12 and adjoin six ideal points, ÿlling in an IRC(18; 6) on each hole together with the six ideal points. This yields an IRC(v; 6), where the hole of size 6 is formed on the ideal points.
Case 2: v ≡ 0 (mod 24) and v ¿ 72. Take a {3} − RGDD of type 24 v=24 and construct on all but one of its groups an RC(24), construct an IRC(24; 6) on the last group.
Case 3: v ≡ 12 (mod 24) and v ¿ 84. (a) v=84; 108. Apply weight 2 to a {4}−GDD of type 6 5 9 1 or 9 5 6 1 (see Lemma 3.8(1)) and adjoin 6 ideal points, ÿlling in IRC(18; 6)s and IRC(24; 6)s, we get an IRC(84; 6) or an IRC(108; 6) where in each case the hole of size 6 occurs on the ideal points.
(b) v ¿ 132. Write v = 6s + 6, then s ≡ 1 (mod 4) and s ¿ 21. Apply weight 6 to the GDDs of Lemma 3.8(2), using SFFC and Theorem 3.2, we create a Kirkman frame with hole sizes in the set {12; 18; 24; 30}. Adjoin 6 ideal points and apply Construction 3.7, ÿlling in an IRC(6m + 6; 6) where m ∈ M = {2; 3; 4; 5}, we then obtain an IRC(6s + 6; 6). Proof. We have already constructed an IRC(v; 12) for each v ∈ {36; 42; 48; 54; 66; 78; 90; 102}, see Lemmas 2.2, 2.4-2.7 and Theorem 2.3, so we suppose v ¿ 60. We divide the proof into two cases.
Case 1: v ≡ 0 (mod 12) and v ¿ 60. Apply weight 2 to the GDDs of Lemma 3.8(3), employing Theorem 3.2, we obtain a Kirkman frame of type 12 u 6 1 . Now adjoin 6 ideal points and ÿll in an IRC(18; 6) on each hole of size 12 in the frame together with the ideal points. The result is an IRC(12u + 12; 12) in which the hole occurs on the hole of size 6 in the frame together with the 6 ideal points.
Similarly, apply weight 6 with 12 ideal points to the GDDs of Lemma 3.8(4) and apply Construction 3.7, ÿlling in an IRC(m; 12), m ∈ {36; 42; 48; 60}.
There then remains to construct an IRC(v; 12) for v ∈ {144; 168}. We will also make use of the following results:
Lemma 3.11 (Colbourn and Dinitz [2] ; Deng et al. [4, 5] ; Ge and Rees [8, 9] 4 (12m− 6s) 1 (6w) 1 for 0 6 s 6 m and m 6 w 6 2m. Lemma 3.13. If there exists a TD(6; m), then for m 6 w 6 2m and t = 6 or 12 there exists an IRC(36m + 6w + t; 12m + t).
Proof. Take the Kirkman frame in Lemma 3.12(2) (setting s = 0) and adjoin t ideal points.
Let T 6 = {n | n ¿ 5; n ∈ Z} \ {6; 10; 14; 18; 22}, then for each n ∈ T 6 , there exists a TD(6; n). By Lemmas 3.12 and 3.13, we have the following corollary: Proof Proof. Let m = (v − 12)=12 + 1, then m ∈ {5; 7; 11; 15; 19; 23}. Take a TD(6; m) and give all the points in four of the groups weight 6, give just one point in the ÿfth group weight 6 and all the remaining points weight 12, assign weight 6 or 12 to each point in the sixth group, and adjoin 6 ideal points, this gives an IRC(u; v), where v = 12m and 12m + 30m 6 u 6 48m, i.e. 3:5v 6 u 6 4v. Proof. Here we just proceed as in Lemma 3.16, unless v ∈ {48; 72; 120; 168; 216; 264}. For v ∈ {120; 168; 216; 264}, write m = (v − 24)=12 + 3, then m ∈ {11; 15; 19; 23}. Take a TD(6; m), give all the points in four of the groups weight 6, give three points in the ÿfth group weight 6 and all the remaining points weight 12, either 11 or 10 points in the sixth group weight 6 and all the remaining points weight 12, adjoin 6 ideal points. Proof. Give all the points of the GDD weight 6, apply a Kirkman frame of type 6 k , adjoin 6 ideal points. (2) Suppose there exists a TD(k; n), k ¿ 5 and 2 6 t 6 n. Then there exists an IRC(6s + 6; 6t + 6) if 4n + t 6 s 6 (k − 1)n + t and s = 4n + t + 1.
Proof. We only prove (1) and (2) can be dealt with in a similar way. We can write s −4t =m(5)+m(6)+· · ·+m(k) such that m(i)=0 or 2 6 m(i) 6 t for each 5 6 i 6 k, delete t −m(i) points in the ith group of the TD for each 5 6 i 6 k, then apply Lemma 3.18.
The following lemma can be easily checked:
Lemma 3.20. Let n ∈ T 6 and n ¿ 7. There exists a positive integer n 1 such that n 1 ¿ n, n 1 ∈ T 6 and 4n 1 ¡ 5n − 1.
By Lemmas 3.19 and 3.20, we have the following:
Lemma 3.21. (1) Let t ¿ 2, n ∈ T 6 and n ¿ max{7; t}. Then there exists an IRC(6s + 6; 6t + 6) if s ¿ 4n + t and s = 4n + t + 1.
(2) Let s ¿ 7 and t ∈ T 6 . Then there exists an IRC(6s + 6; 6t + 6) if s ¿ 4t and s = 4t + 1.
Lemma 3.22. Let r =1; 2; 3; 5 and t ¿ 6. Then there exists an IRC(6(5t +r)+6; 6t +6) if there exists a TD(6; t + 1).
Proof. For r = 1; 2 or 3, delete 4 − r points in one group of a TD(5; t + 1), delete one point x in another group of the TD, take all the blocks containing x and groups of the TD as new groups to obtain a GDD({4; 5; t + r − 3; t + 1}; {3; 4; t}; 5t + r). For r = 5, delete all the points of some block B of a TD(6; t + 1), delete t − 5 points in a group G of the TD, take all the blocks containing x for x ∈ B \ G and groups as new groups to obtain a GD({4; 5; 6; t}; {4; 5; t}; 5t + 5), then apply Lemma 3.18.
Lemma 3.23. For s = 4t + 1 and t ¿ 5, there exists an IRC(6s + 6; 6t + 6).
Proof. Take a {4} − GDD of type (3t − 3) 4 12 1 , give all the points of the GDD weight 2, we obtain a Kirkman frame of type (6t − 6) 4 24 1 , adjoin 12 ideal points, ÿll in IRC(6t + 6; 12)s and an IRC(36; 12). Lemma 3.24. For t = 10; 14; 18; 22, 4t 6 s 6 5t and s = 4t + 1, there is an IRC(6s + 6; 6t + 6).
Proof. Take a TD(5; t=2), give all the points in four groups of the TD weight 12, give points in the ÿfth group weight 0, 6 or 12, obtain a Kirkman frame of type (6t) 4 (6(s − 4t)) 1 , adjoin 6 ideal points.
Lemma 3.25. If t ¿ 7 and s ¿ 4t, then there is an IRC(6s + 6; 6t + 6).
Proof. If t ¿ 7 and t ∈ T 6 , apply Lemma 3.21(2) and Lemma 3.23. If t ¿ 7 and t ∈ T 6 , then the procedure is as follows: Take n=t +1 in Lemma 3.21(1), this covers s ¿ 5t +4 and s = 5t +5. For s ∈ {5t +1; 5t +2; 5t +3; 5t +5}, apply Lemma 3.22. For 4t 6 s 6 5t, apply Lemmas 3.23 and 3.24.
Lemma 3.26. If u ≡ v ≡ 0 (mod 6), v ¿ 48 and u ¿ 4v−18, then there is an IRC(u; v).
Proof. Write v = 6t + 6 and u = 6s + 6, then t ¿ 7 and s ¿ 4t. The conclusion then follows from Lemma 3.25.
By Corollary 3.14, Lemmas 3.15-3.17 and 3.26, we have the following theorem: Proof. Write v = 6t + 6 and u = 6s + 6, then 2 6 t 6 11 and s ¿ 3t + 2.
(1) t = 2: Take n = 7 in Lemma 3.21 (1) Similar to [6, 9] , we can prove the following theorem: For v ≡ 6 (mod 12), we have to construct IRC(3v + 18; v) for v ≡ 18 (mod 60), v ¿ 198 and v ∈ {318; 378}. Let s = (v − 6)=12, then s ∈ {16; 21} ∪ {n | n ≡ 1 (mod 5), n ¿ 36} and so there exists a GDD on s points with block sizes at least four and group sizes in {4; 5}. Apply the FIGDDC with weight (18, 6) and adjoin 15 ideal points to get a {4} − GDD of type 12 s 15 1 (6s) 1 . Then apply the SFFC with weight 2 and adjoin a = 6 ideal points, ÿlling in IRC(30; 6)s and an IRC(36; 6), we obtain an IRC(24s + 30 + 12s + 6; 12s + 6), i.e. an IRC(3v + 18; v).
Main results
Firstly, We will require the following lemma:
Lemma 4.1 (Deng et al. [6] ). If m ∈ {14; 18; 22} and m 6 w 6 2m, then there is a Kirkman frame of type (6m) 4 (12m) 1 (6w) 1 .
By Lemma 3.12(2) and Lemma 4.1, we get the following:
. If there exists an IRC(6m + x 0 ; x 0 ), an IRC(12m + x 0 ; x 0 ) and an IRC(6w + x 0 ; x 0 ) for every m 6 w 6 2m, then there exists an IRC(u; 12m + x 0 ) for every u ≡ 0 (mod 6) with 42m + x 0 6 u 6 48m + x 0 . Proof. Note that we can express v as v=15m−x where 6 6 m 6 22 and x ∈ {0; 3; 6; 9; 12}. Suppose ÿrst that m ∈ {6; 10}. We divide the proof into 5 cases. Recall that by Theorem 3.27 we need only consider 3v 6 u ¡ 3:5v.
(1) v = 15m, m even: Let x 0 = 3m in Lemma 4.2, since m 6 22 the hypothesis of Lemma 4.2 is satisÿed by Theorems 3.27 and 3.29 and so we get an IRC(u; v) for 45m=3v 6 u 6 51m. Now apply Lemma 3.12(2) with a TD(6; m+1), setting s=2. We get a Kirkman frame of type (6m+6) 4 (12m) 1 (6w) 1 for every m+1 6 w 6 2m+2. Adjoining the x 0 = 3m ideal points then yields an IRC(u; v) for 45m + 30 6 u 6 51m + 36. Now 45m + 30 6 51m + 6 holds for all m ¿ 4, while as m 6 22 we have 51m + 36 ¿ 52:5m + 3 = 3:5v + 3. Thus we have an IRC(u; v) for 3v 6 u ¡ 3:5v.
(2) v = 15m − 3, m odd: Let x 0 = 3m − 3 in Lemma 4.2, we get an IRC(u; v) for 45m − 3 = 3v + 6 6 u 6 51m − 3. By Theorems 2.3, 3.28 and 3.30, we thus have an IRC(u; v) for 45m − 9 = 3v 6 u 6 51m − 3. For m = 7 this yields an IRC(u; 102) for 306 6 u 6 354, i.e. 3(102) 6 u ¡ 3:5(102). Let m ¿ 9 and apply Lemma 3.12(2) with a TD(6; m + 2), setting s = 4. We get a Kirkman frame of type (6m + 12) 4 (12m) 1 (6w) 1 for every m + 2 6 w 6 2m + 4. Adjoining the x 0 = 3m − 3 ideal points then yields an IRC(u; v) for 45m + 57 6 u 6 51m + 69. Now 45m + 57 6 (51m − 3) + 6 holds for all m ¿ 9, while as m 6 21 we have 51m + 69 ¿ (52:5m − 10:5) + 48 = 3:5v + 48. Thus we have an IRC(u; v) for 3v 6 u ¡ 3:5v.
(3) v = 15m − 6, m even: Let x 0 = 3m − 6 in Lemma 4.2, we get an IRC(u; v) for 45m − 6 = 3v + 12 6 u 6 51m − 6. By Theorem 3.28 we thus have an IRC(u; v) for 45m − 18 = 3v 6 u 6 51m − 6. Now apply Lemma 3.12(2) with a TD(6; m + 1), setting s = 2. Adjoining the x 0 = 3m − 6 ideal points then yields an IRC(u; v) for 45m + 24 6 u 6 51m + 30. Now 45m + 24 6 (51m − 6) + 6 holds for all m ¿ 4, while as m 6 22 we have 51m + 30 ¿ (52:5m − 21) + 18 = 3:5v + 18. Thus we have an IRC(u; v) for 3v 6 u ¡ 3:5v.
(4) v = 15m − 9, m odd: Let x 0 = 3m − 9 in Lemma 4.2, we get an IRC(u; v) for 45m − 9 = 3v + 18 6 u 6 51m − 9. By Theorem 3.28 we thus have an IRC(u; v) for 45m−27=3v 6 u 6 51m−9. For m=7 this yields an IRC(u; 96) for 288 6 u 6 348, i.e. 3(96) 6 u 6 3:5(96) + 12. Let m ¿ 9 and apply Lemma 3.12(2) with a TD(6; m + 2), setting s = 4. Adjoining the x 0 = 3m − 9 ideal points then yields an IRC(u; v) for 45m + 51 6 u 6 51m + 63. Now 45m + 51 6 (51m − 9) + 6 holds for all m ¿ 9, while as m 6 21 we have 51m + 63 ¿ (52:5m − 31:5) + 63 = 3:5v + 63. Thus, we have an IRC(u; v) for 3v 6 u ¡ 3:5v.
(5) v = 15m − 12, m even: Let x 0 = 3m − 12 in Lemma 3.34, we get an IRC(u; v) for 45m − 12 = 3v + 24 6 u 6 51m − 12. By Theorem 3.28 and Lemma 3.32 we thus have an IRC(u; v) for 45m − 36 = 3v 6 u 6 51m − 12. As m 6 22 we have 51m − 12 ¿ (52:5m − 42) − 3 = 3:5v − 3, i.e. we have an IRC(u; v) for 3v 6 u ¡ 3:5v.
There remains to consider the cases with m ∈ {6; 10}, i.e. an IRC(u; v) for v ∈ {78; 84; 90; 138; 144; 150}. By Theorems 3.27-3.30 and 2.3 we only have to consider 3v + 18 6 u ¡ 3:5v where u − v ≡ 6 (mod 12).
When v = 78, we have to handle u ∈ {252; 264}. Take a {4} − GDD of type 9 8 (9 + 3m 1 ) 1 (9 + 3m 2 ) 1 where m 1 = 9 and m 2 = 2 or 4 (these {4} − GDDs arise by applying the FIGDDC with weights 1 and 4 to a TD(10; 9)) and apply the SFFC with weight 2, adjoin 6 ideal points, ÿll in IRC(24; 6)s and either an IRC(36; 6) or an IRC(48; 6). When v = 84, we have to handle u ∈ {270; 282}. For u = 270, take a {4} − GDD of type 12 6 21 1 36 1 and apply the SFFC with weight 2, adjoin 12 ideal points and ÿll in IRC(36; 12)s and an IRC(54; 12). For u = 282, take a Kirkman frame of type 66 4 and adjoin 18 ideal points, ÿll in IRC(84; 18)s. When v = 90, we have to handle u ∈ {288; 300; 312}. Let m = 7, s = 0 and w = 7 or 9 in Lemma 3.12(2) and adjoin 6 ideal points, ÿll in IRC(48; 6)s and either an IRC(48; 6) or an IRC(60; 6) to cover u = 300 and 312. For u = 288, take a Kirkman frame of type 66 4 and adjoin 24 ideal points, ÿll in IRC(90; 24)s.
When v = 138, we have to handle u ∈ {432; 444; 456; 468; 480}. Let m = 11, s = 0 and w = 11 or 13 in Lemma 3.12(2) and adjoin 6 ideal points, this covers u = 468 and 480. For u = 432, take a {4} − GDD of type 12 11 15 1 66 1 , apply weight 2 and adjoin 6 ideal points. For u = 444, take a Kirkman frame of type 102 4 and adjoin 36 ideal points. For u = 456, take a {4} − GDD of type 12 11 27 1 66 1 , apply weight 2 and adjoin 6 ideal points. When v = 144, we have to handle u ∈ {450; 462; 474; 486; 498}. Let m = 11, s = 0 and w = 11; 13 or 15 in Lemma 3.12(2) and adjoin 12 ideal points, this covers u = 474; 486 and 498. For u = 450, take a Kirkman frame of type 102 4 and adjoin 42 ideal points. For u = 462, take a {4} − GDD of type 12 11 27 1 66 1 , apply weight 2 and adjoin 12 ideal points. When v = 150, we have to handle u ∈ {468; 480; 492; 504; 516}. Let m = 11, s = 0 and w = 11; 13; 15 or 17 in Lemma 3.12(2) and adjoin 18 ideal points, this covers u = 480; 492; 504 and 516. For u = 468, take a {4} − GDD of type 12 12 15 1 72 1 , apply weight 2 and adjoin 6 ideal points.
With the above preparations, we are now in a position to prove our main theorems. Proof. We write v = 15m − x, x ∈ {0; 3; 6; 9; 12}, where by Theorems 3.29 and 4.3 we may assume that m ¿ 23. We proceed by induction on m. Now as m ¿ 23 there is a TD(6; m) and so following the method of Theorem 4.3 we apply Lemma 4.2 to obtain an IRC(u; v) for all u ≡ 0 (mod 6) in the interval 45m − 3x = 3v 6 u 6 51m − x. (Note that x 0 = 3m − x = 15m − x for some m ¡ m and x ∈ {0; 3; 6; 9; 12} so that by our induction hypothesis there is an IRC(u 0 ; x 0 ) for every u 0 ≡ 0 (mod 6) with u 0 ¿ 3x 0 .) Now let n be the smallest integer not less than m=24 and take s = 2n. Apply Lemma 3.12(2) with a TD(6; m + n) to yield a Kirkman frame of type (6(m + n)) 4 (12m) 1 (6w) 1 for every m + n 6 w 6 2m + 2n. Adjoining the x 0 = 3m − x ideal points then yields an IRC(u; v) for 45m + 30n − x 6 u 6 51m + 36n − x. Now 45m + 30n − x 6 (51m − x) + 6 holds for all m ¿ 4, while 51m + 36n − x ¿ 52:5m − x ¿ 3:5(15m − x), and so we have an IRC(u; v) for 3v 6 u ¡ 3:5v, as desired. The result now follows from Theorems 3.27 and 3.29.
Since an RC(v) exists if and only if v ≡ 0 (mod 6) and v = 6 or 12, the following theorem can be easily derived from Theorem 4.4: Thus, we have completely determined necessary and su cient conditions for the existence of IRC(u; v)s and for the embeddings of RC(v)s. It is well known that the necessary and su cient conditions for the embedding an KTS(v) in an KTS(u) with u ≡ v ≡ 3 (mod 6) had been determined, see [14, 17] . However, if v ≡ 3 (mod 6) and u ≡ 0 (mod 6), then determining necessary and su cient conditions for the embedding an KTS (v) 
